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Motivation: EXASCALE COMPUTING

e EXASCALE IS COMING: The near-future increase in
computational resources is expected to enable kinetic simulations of
plasmas that extend to macroscopic, even thermodynamic time
scales.

e PHYSICS IS SYMMETRY AND CONSERVATION LAWS:
Existing simulation methods for dissipative systems are largely based
on instantaneous error estimation and typically fail in achieving
long-time-scale stability and accuracy.

e MATHEMATICS COULD HELP: The recent interest towards and
development of structure-preserving techniques reflects the future of
kinetic simulation algorithms for plasmas and could be the game
changer.



Table of contents

1. The metriplectic framework
2. Metriplectic formulation of collisional kinetic theory
3. Metriplectic integrator for the Landau collision operator

4. Summary



The metriplectic framework



Metriplectic framework describes dynamics of functionals

The dynamics of a functional @ of fields u = (u',...,u™) is determined

in terms of a Hamiltonian H, a Poisson bracket { -, -}, an entropy
functional .S, and a metric bracket (-, -) according to

dQ

E = {QvF}+ (QaF)a
where F'= H — S is a generalized free-energy functional akin to the
Gibb's free energy [1].



The First and Second Laws of Thermodynamics are satisfied

Impose (i) (H, A) =0 and (ii) {S, A} = 0 for arbitrary A as well as (iii)
(A, A) <0. Then (i) and (ii) imply the conservation of the Hamiltonian

% = {H,F} + (H,F) = —{H,8} + (H,F) =0,

the condition (iii) implies the dissipation of the free energy

dF
E:{FvF}JF(FvF):(FaF)SO?
and the conditions (i), (ii), and (iii) all together imply the production of
entropy
as

- =~ S FY+(S,F) = (S, H = §) = =(S,5) > 0.



The brackets are bilinear functionals

The generic forms for the brackets involve an anti-self-adjoint operator
J(u), a self-adjoint operator G(u), and functional derivatives

0A 0B
_ af
{A,B} = e —J (u)(S 5dz,
0A 0B
_ ap
(A, B) e —G*(u )5u3 dz.

The functional derivative  A/du® is defined via the Fréchet derivative

d 1 a [ m 5"4[”] [
%A[u s ut e, HE_():< e V)

with (-, -) denoting an appropriate inner product. Note that the

functional derivative 6 A/du® is an element of the dual space, while the
field u® is an element of the primal space. This has consequences for
discretization.



Existence of an equilibrium state

Remember that the dynamics is given by

dQ
= {QvF}+ (QaF)a

dt

For an equilibrium state ueq to exists, time-evolution of all functionals
must vanish when evaluated with respect to ueq. This leads to so-called

Energy-Casimir principle
SF [tieq] + Y _ Ai6Ci[tteq] =0,
where C; are Casimirs ({C;, A} + (C;, A) = 0 for arbitrary A) of the

total metriplectic system and \; act as Lagrange multipliers that are
uniquely determined from the initial state of the system.



Metriplectic formulation of
collisional kinetic theory



Vlasov-Maxwell-Landau system

The dynamic equations push the distribution functions and the
electromagnetic fields

3f5 _ € 8fs

at 7vvf9iﬁs(E+vXB) av +C[f5}7
1 0FE
éat:va—'Mozs:es/vfsd'U,

0B

E__VXE7

The static, constraining equations serve as initial conditions

EOV-E:ZeS/dev, V-B=0

The collision operator C[fs], provides dissipation

cin -3 % 0. [ (LD L0

~ Mg v ms Ov my  Ov’

with Q(&) = |€]71(1 — €€) and ¢, = €2e2 In A/(87ed).



Hamiltonian contribution

Poisson bracket consists of single-particle, interaction, and

electromagnetic contributions

- [ 8]

+Z/ esfs(ﬁdA 0B 0 6B 6A>dd1;
s €0Ms

ovdf, 6E 0Ovéf, OFE
_ 0A 0B 0B dfa
1 —_— —— — — o —
+ € /(VX(FE 5B deE 5B>d:v
Hamiltonian is a sum of kinetic and electromagnetic energy

H|f,E, B] = /ms fodwdv + = /(60E2+ﬂ5132) da

Single-particle non-canonlcal Poisson bracket for species s

o= o (-2 -vg )4 222

X
m2  Ov 81)



Dissipative contribution

The bracket corresponding to Landau collision operator [1, 2]
(A,B) = Z //1"55/ (A;2,2") - Wyo(2,2")  Tye(B; 2,2 )dzd2'
Entropy functional corresponding to Maxwell-Boltzmann statistics
Sifl=-3 [ £ ()

Details for vector " and matrix W in the bracket

Lﬁ 0A 1 0 6A

ms OV 0 fs(z) mg OV O fe(2))
Wss/(z» zl) - 7%635’5(33 - ml)fs(z)fs’(z,)Q(v - 'U/)

T (A 2,2') =

again with Q(&) = [¢]71(1 — €€) and ¢, = €2€2 In A/(87e3).

s-s!



Invariants of the Vlasov-Maxwell-Landau system

The Gauss's laws: for arbitrary functions gg(x) and gg(x), one finds the
Casimir invariants

Ce :/gE(:B) (50V-E—Zes/fsdv> dx
Cp :/gB(:n)V~Bd:c

If Cg and Cp are zero initially, they will remain so later on. The total
momentum functional

P:st/vfsdz—i-eo/Ede:c

is conserved if the Gauss's law for E holds. The total energy, the
Hamiltonian # is conserved by construction. Also mass of each species is
conserved.
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Metriplectic integrator for the
Landau collision operator




Single species Landau operator

The collisional evolution of a distribution function in velocity space is
given by the nonlinear Fokker-Planck equation

=5 [ew-v- (100G - s

With entropy S[f] = — [ fIn(f)dv, the corresponding bracket is

17
(A, B) = 75/ /F(.A;v,v') W (v,v") - T'(B;v,v")dvdv’ (2)
with the vector I' and the tensor W defined as

n_ [0 bA 0 A
rm )= (s ~ B 57e7) G)
W(v,v') = f(0)f(v)Q(v — ). (4)
The bracket has three Casimirs {M,P,E} = [{1,v,|v|*} fdv, i.e., mass
and kinetic momentum and energy. The first two follow from T'(M) = 0
and T'(P) = 0, and the last from T'(£) = 2(v —v’) and £- Q(§) =0
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Discretize the system with finite-elements

We consider a finite-dimensional space Q () C L?(f2) spanned by a set
of basis functions {¢;}; and write the discrete distribution function
fn € Qn(2) in this space as

fn= Zfi(t)@(v)- (5)

Functionals A evaluated with respect to f;, become functions
A[fn] = A(f) of the degrees of freedom f = (f1,..., fn).
Functional derivatives evaluated with respect to fj, become

OA[fn] 3A
Sf Z of; M

5 i (6)

Gogi=1l

where Ml;; = [ ¢;(v)$;(v)dv is the mass matrix for the basis ¢;.
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Obtaining the discrete bracket

Insert the expressions for f;, and §.A[f]/0f into the continuous bracket
to obtain

(A,B)[fs] = VAM 'LM~'!VB=VAGVB = (4,B),. (7)

The gradient refers to V = 8/8f and the elements of the Landau matrix
L are given by

=3[ [ (G -59)

Q=) (52 - G5 ) ' (@)
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Choose a space of at least second order polynomials

Choose the space Q1,(f2) so that {1,v,|v]?} € Qx(Q). Now the mass,
momentum, and energy functionals evaluated with respect to f;, become

N R 3 R .
Mfi) = Y F [ o= 1M = () (9)
’L]:Vl A A B
Pl = Y [ vordv = M7 = P(f) (10)
z;l A A B
U = 3 [ 1oPoudo = ef = B() (11)

with 1, 9, and é the degrees of freedom for the functions 1, v, and |v|?.
Note that M(f), P(f), and E(f) are linear functions of f.
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Casimir invariants of the discrete Landau bracket

The Landau matrix L(f) has the important properties
iL=0, 4L=0, éL=0 (12)

This implies that the quantities ]/V?(f) P(f), and E(f) are Casimirs:

o~

(M,B), =VMGVB =iIMM LM 'VB = iLM~'VB=0 (13)
(P,B), =VPGVB=4oMM LM 'VB =0LM 'VB=0 (14)
(E,B), =VEGVB =IMM'LM~'VB =éLM~'VB=0 (15)

Since J/W\(f) ﬁ(f) and E(f) are linear functionals, they are linear
Casimirs.
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Temporal integration with "Discrete Gradients"

In terms of free energy ﬁ(f) = E(f) — 5(f), the equations of motion for
the degrees of freedom are

o s o
dt = (f,F)a =GVF

We use a so-called “discrete gradient” V of a differentiable function
h: R™ — R with the property

(iL’l — LL'()) . vh(ﬁljo,l'l) = h(ll) — h(l’o),

) (16)
Vh(z,z) = Vh(x).
and introduce temporal discretization according to
Lo _ () 9R (a0 (17)

where f1/2 = (fo + f1)/2.
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Dissipation of free-energy, production of entropy, and preser-

vation of the Casimir invariants

The negative-semidefiniteness of G implies dissipation of free energy
BB e
4gﬁzfiﬁl:VFU@ﬁ)GUuﬂVFumh)go (18)

(]E)a (f A) A( A)} satisfy VCG = 0, and

The linear Casimirs C' € {M
) — C(fo), and are thus preserved

(fr = fo)-VC =C(fy

% :vaG(flm)vﬁ(fo?ﬁ) =0 (19)

Entropy production is guaranteed via dissipation of the free energy F' and
preservation of F via

S -S=E-F -E+F,=F-F >0
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Summary




Kinetic descriptions of plasmas appear to be metriplectic

e The Vlasov-Maxwell-Landau system is metriplectic.

e The collisional electrostatic gyrokinetic Vlasov-Poisson-Landau
system is metriplectic.

e Most likely the collisional electromagnetic gyrokinetic
Vlasov-Maxwell-Landau system is metriplectic as well. This is
work in progress.
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Can we find metriplectic discretization techniques for the

Vlasov-Maxwell-Landau system and its gyrokinetic versions?
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Metriplectic formulation of
collisional electrostatic
gyrokinetics



Collisional electrostatic gyrokinetic equations [3]

Dynamic kinetic equation and static Gauss' law

OF;

Guiding-center Poisson bracket

(R = <aF oG

mc

B*
= . F
* mbB; <V

F,,H¥}e =\ C8(F,, Fy),
at +{ S S }S Z SS( < )

90 o

Gyrocenter Hamiltonian H® = K& + ey, and polarization density

P=-0K/SE, K(E)= Z/K§y F, dz%,

(20)
V- E =4n(pgy — V- P), (21)
OF 8G cb . X
oG oOF
i v 22
vy v ) ’ (22)
(23)



Gyrocenter kinetic energy K® contains the nasty details

The function K8, appearing in the Hamiltonian H& = K& + ep, is the
gyrocenter kinetic energy, which may be written entirely in terms of the
electric field as

1
K® =Zmvf + | B| - e(lpo - B(X + epo)])
2 —

2#‘B| <[[po :

62

E(X +¢po)po - E(X + p,)])

" o b (E(X + p,) x IE(X + p,)). (24)
Here (-)s = (2m)~ ! 'Ozﬂ -dfs denotes the average with respect to the
species-s gyroangle, tildes denote the fluctuating part of a
gyroangle-dependent quantity, I = 8;1 is the gyroangle antiderivative,
[[] = fol -de, and p, is the zero'th order (gyroangle-dependent)
gyroradius vector.



The electrostatic gyrocenter collision operator C®(F,, Fy)

Define the position ys(z) = X + p,s, the relative velocity
wiy = {ys, HY}5°(2) — {ys, HE}5°(2), (25)

the scaled projection matrix

P(wgi(z,2)) 33
gx A — s5\~» P =71 - == 26
and the three-component collisional flux vector
18 = [ (208 2) - AR (2, 2) doF (27)

where A%(z, 2) = Fs(2){Fs, F5(2)}§° — F5(2){ys, Fs(2)}¥, and
68%(2,2) = 0(ys — Ys). Defining the coefficient sz = 4me2e2In A, the
collision operator can then be expressed as

Css

CH(F,, Fs) = 5 ({Ys,isvor i JE°), - (28)



Metriplectic structure of collisional electrostatic gyrokinetics

Hamiltonian functional

1
Hok = Z/H§YFS dz8 — o / |E|* &z (29)

Entropy functional

Sck = Z / 2)In F,(z)dz8°. (30)

Metriplectic dynamics of arbitrary functionals Q[F] are given by

dQ

’ = {9, Fok}ek + (2, Fok)ak, (31)

where Fok = Hek — Sgk denotes the generalized free-energy functional
that is dissipated via increase in the system entropy.



Hamiltonian contribution

The dynamical field in this system is F. The electrostatic potential must
be regarded as the unique functional of the distribution function given by
solving the gyrokinetic Poisson equation, i.e. ¢ = [F].

The expression for the functional Poisson bracket of two functionals
A(F) and B(F) is then given by

SA 6B ¥
wola=X [\5 5}, B @

S



Metric contribution

The symmetric bracket corresponding to the collision operator [4]
Css ' G
(ABlex =- 3% [[ 1800 wey TRBEEGE,  (33)
The vector T'$%(A) is defined

r2y(4) = {us. (f;i‘} @~ {ue (f;i‘} ), (3

and the symmetric, positive semi-definite tensor W& is
Wes = 055 (2, 2)Qss (2, 2) Fs(2) Fs(2), (35)

with 6% and Q,; as before.



Energy conservation law

Since 0Hck /0Fs = HEY, we have I'%.(Hgk) = wil. Further, since
w’ - WE. = 0, the Hamiltonian functional is a Casimir of the metric
bracket

(Mo, Bl = 3 2 [ [ wg - wey- 18(Baszeazs 0. (36)

Entropy, on the other hand, is a Casimir of the functional Poisson bracket
{B,Sck }ek = 0. (37)
Thus, with Fox = Hgk — Sak, the Hamiltonian is conserved

dH
de = {Hck, Fox tak + (Hek, Fax)ak =0 (38)




Angular momentum conservation law

In axisymmetric B, the total toroidal angular momentum

Pa=) [ pote)Fizrazs, (39)

with pys the single-particle guiding-center toroidal canonical momentum,
is a Casimir of the metric bracket.

Since 6Py /0F; = pgs, we have TS(Py) = e. X (¥s — ys) so that
(7)4)7 Z Css // e, X 'g s) : W%é : I‘gé(g)dz?:dzgc - 07

which follows from the term(gs — ys) 0%2(2, Z) in the integrand. Thus,
with Fax = Hak — Sak, the toroidal angular momentum is conserved

dPy

i {Ps, Fex }cx + (Py, Fek)ck =0 (40)
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